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Abstract

For delay Lur’e control systems with multiple non-linearities and time-varying un-
certainties, necessary and sufficient conditions for the existence of Lyapunov func-
tional in the extended Lur’e form with negative definite derivative to guarantee
robust absolute stability are derived by solving a set of linear matrix inequali-
ties(LMIs). Moreover, some new delay-dependent absolute stability criteria are also
presented, in which some free weighting matrices that express the relationships be-
tween the terms in Leibniz-Newton formula are considered. Finally, an example is
provided to illustrate the effectiveness of the proposed method.
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1 Introduction

The absolute stability problem of Lur’e control systems has widely been stud-
ied and has practical applications(see [15], [13], [8], [20], [7]). Since time-delay
is commonly encountered in various engineering systems and it is frequently
a source of instability and so the stability problem of delay Lur’e control sys-
tems has been of interest to researchers over the past decades (see [16], [1], [6],
2], [9]). Some necessary and sufficient conditions are given for the existence
of Lyapunov functional in the extended Lur’e form for delay Lur’e control
systems with negative definite derivative to guarantee absolute stability (see
[6]). These results provide only the existence conditions, and are not solvable.
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On the other hand, the necessary and sufficient conditions in [6] can not be
extended to the systems with time-varying structured uncertainties. [9] em-
ployed Linear matrix inequality(LMI) to express the necessary and sufficient
conditions obtained in [6]. The advantage of this work is that the free param-
eters in the Lyapunov functional can be derived by solving a group of LMIs.
By the way, the results in [9] can be easily extended to the systems with
time-varying structured uncertainties, which will be given this paper.

Moreover, the criteria which do not include the information on delay are
called delay-independent criteria. They are more conservative than the delay-
dependent criteria when delays guaranteeing stability are small. It is impor-
tant to discuss the delay-dependent problem of delay Lur’e control systems.
Recently, there are a number of interesting new ideas to improve the results
on delay-dependent stability of linear systems with delay (see [17], [3], [14],
[12], [11], [19], [4], [5]). The most effective methods are presented by [14] and

extended by [12]. In the derivative of Lyapunov functional, they used the
t

Leibniz-Newton formula and replaced the term z(t — 7) with z(t) — / i(s)ds
t—7

in some places, but kept it in other places. For example, in [12], z(t — 7)
t

in the expression 2x7(t)PA,z(t) is replaced with x(t) — / t(s)ds; but in

t—T
a1 (t)Zi(t), it is not. In fact, there must exist some optimal weighting ma-
trices between the terms in the Leibniz-Newton formula, but they gave some
fixed weighting matrices. Recently, [10] presented a new method that use the
free weighting matrices to express the relationship between the terms in the
Leibniz-Newton formula. In addition, the optimal weighting matrices can be
solved by the solutions of some LMIs.

This paper discusses the existence problem of a Lyapunov functional in the
extended Lur’e form with negative definite derivative to guarantee robust ab-
solute stability of delay Lur’e control systems with multiple non-linearities in
the bounded sector. Some necessary and sufficient conditions for the existence
problem are presented. They convert the problem to one of solving a set of
LMIs. In addition, the method presented in [10], in which some free weighting
matrices are used to express the relationships between the terms in Leibniz-
Newton formula, is employed to derive the delay-dependent robust absolute
stability criteria. Finally, an example is proposed to illustrate the improvement
of the necessary and sufficient condition over the sufficient condition directly
using S-procedure. The benefit of delay-dependent criteria is also demonstrate
in the example.



2 Notation and Preliminaries

Consider a time-varying structured uncertain delay Lur’e control systems with
multiple non-linearities

i(t) = (A+ AAW)z(t) + (B + AB(t))x(t — 1)
S +(D + AD®)) f(o (1)), (1)
o(t) = CTx(t),

nx

where z(t) = (z1(t), x2(t), - -, 2, (t))T is the state vector, 7 > 0, A = (a;)nx
B = (blj)anaD: (d ) (d1>d27"'7d )70 (Czj)nxm: (017627 , C
dj and ¢j(j =1,2,--- ) are the j-th column of D and C, respectively, o(

)

(01(8),02(0), - GO, F(@(0)) = (Hi(o1(0), fal02(t)), -, Fn (0 (1))

the nonlinear function.

o

iy

The nominal form of system &; is given by

s, { #(t) = Az(t) + Bx(t — 1) + Df(o(t)),
o(t) = CTa(t).

Here, the non-linearities f;(-) satisfy the following

£i() € K;[0,k) = { £(0)| £;(0) = 0,0 < 0;f(0) < kjo(0; # 0)},
j:1a27"'>ma

(3)

with 0 < k; < 400,57 = 1,2,---,m. For simplicity, sometimes we denote

filos) = f3(0;(1)).
Also, the uncertainties are assumed to be of the following form

[AA() AB(t) AD(t)] = HF(t)|Eq By Ed, (4)
where H, E,, F,, E; are the known real constant matrices with appropriate

dimensions, Ey; is the j-th column of E,, F'(t) is an unknown real time-varying
matrix with Lebesgue measurable elements satisfying

IF@) <1, vt (5)



For the sake of simplicity, let

A=A+ AA(t), B=B+AB(t), D= D+ AD(t). (6)
Construct the Lyapunov functional in the extended Lur’e form as

V(zy) = 27 (t)Px(t) + / 27 (5)Qx(s) + Qi )\j/fj(aj)daj, (7)

t

where P = PT >0, Q = Q" > 0and \; > 0(j = 1,2,---,m) need to be
determined.

Definition 1 . The functional V(x;) of (7) is said to be a Lyapunov functional
of system Sy (or nominal system Sy) with negative definite derivative, that is,

V(z)ls, <0 (orV(z)|s, <0), on K = diag(ky, ke, - k), 5
if for any f;(-) € K;[0,k;](j = 1,2,---,m), (x(t), z(t — 7)) # 0.

If condition (8) holds, system S;(or nominal system Sp) is robustly absolutely
stable(or absolutely stable) in the sector bounded by K = diag(ky, ko, -+, k).

To derive the main results in the next section, the following lemmas are given.

Lemma 2 ([9]): Equation (8) for nominal system Sy holds, which ensure sys-
tem Sy is absolutely stable in the sector bounded by K =diag(ky, ko, -, kn),
if there exist P = PT > 0,Q = QT > 0, T=diag(t1,ts,- -+ ,tn) > 0, A=diag
(A1, Agy -+, Ap) > 0 such that the LMI

ATP+ PA+Q PB PD+ ATCA+CKT
Q0= BTP —Q BTCA <0, (9)
DTP+ ACTA+TKCT ACTB ACTD + DTCA — 2T

holds. It is necessary while m = 1.

Let a =diag(ay, ag, - -, ay,) and

D;n:{&|01120,f07‘12j, Q; € {Oakz}afor2<.77(lz]-7277m)}7(10)
j:1727'“7m'



with 27-1 elements. Assume that

A(a) == A+ DaCT, P(a) = P+ CAaC?. (11)

Then, we have the following Lemma

Lemma 3 ([9]): It assumes that m > 1 for nominal system Sy. The necessary
and sufficient conditions for the existence of Lyapunov functional V (x;) in (7)
satisfying equation (8), which ensure system Sy is absolutely stable in the sector
bounded by K =diag(ky, ka,- -, k) , are that Vo € DT'(j = 1,2,---,m), there
exist ta >0 and P =P >0 and Q = QT >0 and \; > 0(i = 1,2,---,m),
such that LMIs in the following hold.

q)ll P(Oé)B (1313 + tak’jCj
Gi(a)=| BTP(a) -Q \;BT¢; <0, (12)
@?3 + tak?jC]T /\jCjTB QAjC?dj — 2ta

where
(DH = AT(OZ)P(OZ) + P(Oé)A(O() + Q,
@13 = P(a)dj —|— )\jAT(O[)Cj.

To obtain the conditions for the systems with time-varying structured uncer-
tainties, the following lemma is needed to deal with the uncertainties.

Lemma 4 ([18]): Given matrices Q = QT H,E and R = RT > 0 of appro-
priate dimensions, then

Q+ HFE+ETFTHT <0,

for all F satisfying FTF < R, if and only if there exists some € > 0 such that

Q+cHH' + ¢ 'ETRE < 0.

3 Robustness for Absolute Stability

For a time-varying structured uncertain system &j, the following sufficient
condition is derived from Lemma 2 which uses S-procedure directly for the
non-linearities, in which the uncertainties are dealt with by using Lemma 4.



Theorem 5 System S; is robustly absolutely stable in the sector bounded by

K =diag(ky, ks, - --

km) if there exist P = PT > 0, Q = QT > 0, A=diag

(A1, Agy -+, A\) > 0,T=diag(t1,ta, -+, tm) > 0 and ¢ > 0 such that the LMI
oy, PB + <ETE, Ty PH |
BTP +eE'E, —Q+cE'E, B'CA+cETE;, 0 -
<
VL, ACTB 4+ cETE, Uy ACTH
I HT'P 0 HTCA —el |

holds, where

U, =ATP+ PA+Q+¢<ETE,,
U3 =PD+ ATCA +CKT + 5EaTEd,
Wy3 = ACTD 4+ DTCA — 2T + ¢ ETE,.

Proof: Replacing A, B, D in (9) with A+ HF(t)E,, B+ HF(t)E, and D +
HEF(t)Eq, respectively, we find that (9) for &) is equivalent to the following
condition

PH ET
Q+| 0o |[F@) [E E, Ed} + |ET | FT(t) |HTP 0 HTCA | < 0.(14)
ACTH EY

By Lemma 4, a necessary and sufficient condition guaranteeing (14) is that
there exists a positive number £ > 0 such that

PH ET
Q+et 0 HTPOHTCA} +e | B [Ea E, Ed} <0. (15)
ACTH BT

Applying Schur complements shows that (15) is equivalent to (13). O

The above theorem is conservative to examine robust absolute stability of
system &7 with multiple non-linearities since it is only based on some suffi-
cient conditions. Now, the necessary and sufficient condition for system & is
derived, based on the necessary and sufficient condition in Lemma 3.

Theorem 6 The necessary and sufficient conditions for the existence of Lya-
punov functional V(x;) in (7) satisfying equation (8), which ensure system S



is robustly absolutely stable in the sector bounded by K =diag(ky, ko, -+, km)
are that Voo € D} (j = 1,2,---,m), there exist t, > 0 and P = PT >0 and
Q=QT >0and \; >0 =1,2,---,m) and g4 > 0, such that LMIs in the

following hold.

Oy Dy B3 P(a)H
. T, Dy D 0

i 12 - 22 ) 23 (16)

(I)’{?) qug @33 AjC?H

_HTP<OC) 0 )\jHTCj —EaI

where

Ci)n =&y + e, BT (a)E,(a),

(?12 = P(Oé)B + €aEZ;(Oé)Eb,

@13 = (1)13 + tak?jCj + €aEg<O{)Edj,

‘?22 = —Q +e. Bl By,

bo3 = A\ BT¢; + ea BT Eyy

qA)gg = 2)\jCJde — 2ta + €QE£-Edj,

Eu(a) = (E, + EqaCT)T (B, + E4aCT),

and ®11 and 13 are defined in (12).

Proof: Let A(a) = A+ DaCT and d; is the j-th column of D. From Lemma
3, we find the conditions (12) for S; are equivalent to that there exist P =
P'>0,Q=Q">0,\>0(=1,2,---,m),¥j=1,2,---,m and Yo € D}’
there exist t, such that the following holds.

(T)H P(OC)B cT>13 + taijj

Gi()=| BTP(a) —-Q  NBT¢ <0, (17)
(i)?g + takjcjr )\jC]TB 2/\]‘0]7-167]‘ — Qta

@13 = P(CM)CZJ + )szle(oz) -



Replacing A(«a), B and d; in (17) with A(a) + HF (t)E,(«), B+ HF(t)E, and

d; + HF (t)Ey;, respectively, Gj(a) can be rewritten as

P(a)H
Gi@) = Gila)+ | 0 |FO)|By(a) B By |
Nic'H
’ (18)
El ()
+| EF | F'(t)| HTP(a) 0 \;H ¢,

T

where Gj(a) is defined in (12). Then, by Lemma 4 and Schur complements,
Gj(a) <0 if and only if LMI (16) are true. O

Remark 1: Theorem 6 is based on the necessary and sufficient conditions for
nominal system Sy. The improvement over the Theorem 5 which is a sufficient
condition will be shown in the example.

4 Delay Dependent Conditions

The criteria given in the previous section do not include information on delay,
which are referred to as delay-independent criteria. Sometimes, the system S;
or 8y are absolutely stable while 7 = 0, but they are not absolutely stable
for all 7 > 0, it follows from the continues that the systems are absolutely
stable when 7 is very small. So, the criteria that don’t include information on
delay are more conservative than that include information on delay which are
referred to as delay-dependent criteria. Many authors presented some delay-
dependent criteria for the linear system. Followed by the method presented in
[10], the following theorem also attempts to take this relationship between the

terms in Leibniz-Newton formula into account for delay Lur’e control systems.
t

Specifically, the expression 2 {xT(t)Nl + 2T (t — T)Ny + fT(a(t))Ng} [x(t) - / t(s)ds — x(t — 1)

t—T1
which is equal to zero, is added to V' (z;), and a new delay-dependent absolute
stability criterion is derived.

Theorem 7 Given a scalar T > 0, system Sy is absolutely stable if there exist

|



P=PT>0,Q=Q">0,2=27>0 X =XT =

A=diag (A1, Ag, -, Am) > 0, T'=diag(ty,t, -

X1 X2 Xi3
Xiy Xog Xog
X X1 X33

N;(i = 1,2,3) such that the following LMIs (19) and (20) hold.

>0

)

,tm) > 0 and any matrices

(19)

T, Ty Tys+ CKT 7ATZ

I, L  Tw  7B7Z|
7, + TKCT TL, Ty —2T rDTZ
I TZA TZB 74D —77 |

X1y X1 Xis Ny |
X1TQ X22 X23 N2
X% X2T3 X33 N3
NlT NQT Ng A

where

[ =ATP+PA+Q+ Ny + N} +7X11,
F12:PB+N2T—N1+TX12,
F13:PD+ATC’A+N:?—|—TX13,

[y = —Q — Ny — Nj + 7Xo,,

T3 = BTCA — NT + 71X,

F33 = ACTD + DTOA + TX33.

Proof: Construct Lyapunov functional candidate as

0 t

Via(ze) = V(axy) +/ / i (s)Z1(s)dsdb,
~T 40

where V(z;) is defined in (7) and Z = Z7 > 0 need to be determined.

Using the Leibniz-Newton formula one can write

2(t) — 2t — 1) — / i(s)ds = 0.

t

(20)

(21)

(22)

Then, for any appropriate dimensional constant matrices N;(i = 1,2,3), the



following term is equal to zero.

2 [a"(t)Ny + 2" (¢ = 7)Na + f7(o(£)) Ns] [x(t) —a(t—71) — / x'(s)ds] (23)

t

On the other hand, for any appropriate dimensional constant matrices X, the
following term is also equal to zero.

z(t) (X1 — X)) 7(Xi2 — Xi2) 7(Xi3 — Xi3) x(t)
)

l’(t — ’7') T(Xlg — X12)T T(XQQ — X22 T(X23 — X23) l’(t — T) (24)
f(a(t)) T(X13 — X13)" 7(Xoz — Xog)" 7(Xa3 — Xa3) | | f(o(t))

Calculating the derivative of Vy(z;) along the solutions of system Sy and adding
(23) and (24) into it, one have

t

Valan)ls, = EOPEW) — [ ¢ (t5)TIC(t, )ds, (25)

t—1

where

() = [&"(t) 2Tt = 7) f1(o)]",C(t,s) = [€7 () &7 (s)]",
Ty +TATZA Ty + 7ATZB Tyg + 1ATZD

F: F{2+TBTZA F22+TBTZB F23+TBTZD )
'+ 7DTZATY, + 7D ZB 33+ 7DTZD

and I';;(1 = 1,2,3;4 < j < 3) are defined in (19) and II is defined in (20).

In addition, the conditions (3) are equivalent to that

fj(aj(t»(fj(aj(t)) - k’]C;F.T(t)) < 07] = 17 27 s, Mm, (26)

and it is easily shown that

{E@(x(t), 2(t =7))) #0 and (3)} = {(V)[E(t) #0 and (3)}.  (27)
It now follows from (26) and (27) and applies the S-procedure, if there exist

10



T=diag(ty,ta, -, ty,) > 0 such that

T — [ <t )ds
W (28)
—Q;tjfj(aj(t))(fj(aj(t)) — kjcjx(t)) <0,

for £(t) # 0, Vy(xy)|s, < 0 for (z(t), z(t — 7)) # 0 and the condition (3). (28)
gives that LMIs (19) and (20) hold. So, system Sy is absolutely stable.

Remark 2: Delay-independent criteria may be conservative especially when
the size of the delay is actually small. The comparison between these two
classes of criteria will be given in the example. It will be shown that the
system is not absolutely stable for any delays, but it is absolutely stable when
the delay is smaller than a constant number.

In the following, Theorem 7 is easy to extended to the system with time-
varying structured uncertainties using Lemma 4.

Theorem 8 Given a scalar T > 0, system S is robustly absolutely stable
if there exist P = PT > 0, Q = QT >0, Z =77 >0, X = XT =
X111 X2 X3
XlTQ X22 X23 Z O; A:dlag ()‘17 )‘27 Ty A'n‘L) Z 0; T:diag(tl)t% e 7tm) Z 07
XT XL X3

any matrices N;(i = 1,2,3) and a scalar € > 0 such that the following LMIs
(29) and (20) hold.

Iy +eETE, Ty +eETE, Ty 7ATZ PH
Il +cEl'E, Ty +eEFE, Tes 7BTZ 0

7 'L Ty3 7DTZ ACTH | <0. (29)
TLA T7/ZB /D —17 TZH
HT'P 0 HTCA THTZ —¢I

where

flg = F13 + CKT + EEgEd,
Loy = o3 + c B By,
F33 = F33 — 2T + €E5Ed,

and I';j(i = 1,2,3;1 < j < 3) are defined in (19).

11



5 Example

Consider system S; with

-1 0 —0.5 —0.1 0 —1
Y Y D Y

1 -2 0.1 —0.5 -1 0

and AA(t), AB(t) and AD(t) are uncertain matrices satisfying

[AA@)[ <02, [JAB(#)[| <0.05, [JAD(#)] < 0.05,

the above system is of the form of (4)-(5) with

10 02 0 0.05 0 0.05 0
) Ea = ) Eb = s Ed = )
01 0 0.2 0 0.05 0 0.05

assume that k; = 1, ky = 2.23. Since m = 2, we have

H—

D; = {diag(0,0)}, D3 = {diag(0,0), diag(k;,0)}.

By solving LMIs (19), we obtain that

| 164678 ~9.3711 o 9.2568 —6.1537
—9.3711 29.0463 | _6.1537 27.4173 |
A = 0.3880,  \y — 28.5416.

Thus, system Sy is robustly absolutely stable.

Moreover, LMI (13) is not true while k; = 1, ks = 2.09 in Theorem 5 if the S-
procedure is directly adopted to examine the robust absolute stability, which
indicates that it is conservative that S-procedure is directly adopted for the
uncertain systems with multiple non-linearities.

In addition, we set k; = 1, ko = 3, then LMIs (16) are not true such that the
Lyapunov functional in the extended Lur’e form to guarantee robust absolute
stability of system &; can’t be found, but it follows from Theorem 8 that
system &7 is robustly absolutely stable while 7 < 1.5789.

12



6 Conclusion

This paper presents the necessary and sufficient conditions for the existence
of a Lyapunov functional in the extended Lur’e form with negative definite
derivative to guarantee the robust absolute stability for delay Lur’e control
systems with multiple non-linearities and converts the existence problem to a
simple of solving a set of LMIs. Moreover, some delay-dependent criteria are
derived for the absolute stability or robust absolute stability.
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