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Abstract—A new Lyapunov-Krasovskii functional is con- how the S-procedure can be employed to derive an LMI-based
structed for delayed cellular neural networks, and the S- global asymptotic stability criterion. Moreover, it shows that
procedure is employed to handle the nonlinearities. An improved iha criterion in [5] is a special case of the one in this paper.

global asymptotic stability criterion is also derived that is a Finall ical les d trate the effecti f
generalization of, and an improvement over, previous results. Nu- Inally, numerical éxamples demonstrate the efiectiveness o

merical examples demonstrate the effectiveness of the criterion. thiS approach, and that it is an improvement over previous
ones.

Index Terms—global asymptotic stability, delayed cellular
neural networks, linear matrix inequality (LMI), S-procedure. II. SYSTEM DESCRIPTION

Consider the following DCNN:

I. INTRODUCTION z(t) = —x(t) + Ag(z(t)) + Arglx(t — 7(t))) +u, (1)

Cellular neural networks (CNNs) were first proposed in [1]/\/here ()

2 A | = [z1(:),22(-), -, 2n()]T is the neuron state
They have found application in many areas such as sighaly." ) :[ [19(1)(371%'())) gg(.rg('()))]"' gn(zn(-))]" is the
processing, pattern recognition, and static image proces&ggtpu,{ vector. and; — [U17U2 u’n]T 7is a constant input

A CNN with a delay, which is called a delayed Cellula(/ector.A is a feedback matrix, andl, is a delayed feed-

neural networ!< (DCNN), was f|r_st reported in [2] and ha'Bac:k matrix. The delayr(t), is a time-varying differentiable
been the subject of many studies over the past few Yeq'Biction satisfying

(e.g., [3]-[21]). Among them, [3] and [4] presented some .
exponential stability criteria for DCNNSs; but their treatment of () < p, @
nonlinearities by using inequalities was conservative. On thgherey, is a constant. In addition, it is assumed that each neu-
other hand, linear matrix inequalities (LMIs) are an efficienfon activation function in system @y (), j=1,2,---,n,
method of solving standard convex optimization problemstisfies the following condition:

numerically. Singh derived an LMI-based criterion [5], which

was a generalization of, and an improvement over, previous 0< M <k

criteria, such as [6]-[9]. Later, Zhanet al. extended those B -y - ] ®3)
results to handle DCNNs with a time-varying delay and Vo,yeR, z#y, j=12,-,n,

time-varying structured uncertainties [10]. However, there {ﬁhere]{j’ j=1,2,---,n are positive constants.

room for further investigation. First, the constraints on the Now, we shift the equilibrium point* = [z}, 2%, - -, 2%]7
nonlinearities in [5] are very strict, i.e., the upper bounds @ff system (1) to the origin by introducing a new state) =

the sectors are all set to 1. Even though they were relaxed,{0) — z*, which transforms the system into the following:

k in [10], all the bounds were set to the same value. Second,

the S-procedure [22], [23] was employed to deal with the 2(t) = —z(t) + Ap(2(t)) + Ao (2(t — 7(1))),  (4)
constraints in [5]. However, the parameters in the S-procedur _ .

were exactly the same as those in the Lyapunov—Krasovsvfci:)? Zéf') the_ trgzris(ﬁ);rane(:gI’”s. 752;2(&1)] ar|1sd> ( t?()e) staite
functional, which may also lead to conservatism. Third, t (1(), 62(22()), - - » ('))]XT/ an,d ¥ '?(')) B
Lyapunov-Krasovskii functional did not contain an integral’!‘*! 192(220)), -+ fnlzn (% n

term of state, which has proven to be very effective in handlirfgn'zjﬁ(c;)nsJr ;j(?) — 95 (x_j)’ 1] 5 - L 2’%5;{{3%’/ l:lr:)ete f(t:)rl]l?)t/vit:e
delay systems. i) J = e g

This note presents a new Lyapunov-KrasovskKii functionandmonS:

containing an integral term of state for DCNNs; and shows, ;(25) <kj, ¢;(0)=0, Vz; #0, j=1,2,---.n
= —= vy ] - Y 7 b — 4 s 19y

)
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Lemma 1: [22], [23] (S-procedure) Lef; € R™*" (i = It is clear from (6) that
0,1,---,p) be symmetric matrices. The conditions Bn(i =

0,1,---,p), 05 (2 (1) [05(2(1)) = kjz; ()] <0, j=1,2,---,n (13)
CTTYC > 0, Y A0 sLCTTC 2 0 (1= 1,2,--,p), (1) 2™
. . 0;(zi(t = 7(1))) [¢5(2(t = 7(2))) — kjz(t = 7(1))] <
hold if there existr; > 0 (i =1,2,---,p) such that j=1,2,-
» (14)
Ty — ZTz’Ti < 0. 8) hold. Thus, by applying the S-procedure, we find that
Pt system (4) is asymptotically stable if there exigt =
diag(tth, e ,tn) Z 0 and S = diag(sl, S92, ", Sn) Z 0
I1l. STABILITY CRITERION such that
In this section, a new Lyapunov-Krasovskii functional V _ 2th¢1 2 () [0 (2 (1) — k(1))

containing an integral term of state is constructed. The S-

procedure is employed to deal with nonlinearities. And the n

following asymptotic stability criterion is obtained. =2 sz (t—7(1))) [0 (2 (t—7 (1)) — Kz (t—7(1))]
Theorem 1:The origin of system (4) subject to conditions j=1

(5) and (2) is globally asymptotically stable if there exist < &7 (t)®E(t)

P=P">0R=R">0,Q=Q" 0D =<0
diag(dy,ds, - --,dy,) > 0, T = diag(ty,ts,---,t,) > 0, and (15)
S = diag(s1, s2,- - -, 5,) > 0 such that the following LMI is for all {(¢) # 0, where
feasible:
! £(t) = [T(), 27 (t = 7(1)), o7 (2(1)), 6" (2(t — 7(1))))T.
(1)11 O ‘1)13 PAT i
0 ~(1-WR 0 KS This completes the proof. [ ]
o= o7 0 By DA <0, Remark 1:Unlike the Lyapunov-Krasovskii functionals in
A 21r3p SK ATD —(1—/1)52—25 [5]t and [10], the one above contains an integral term of state,
9) / 2T (s)Rx(s)ds (10). The advantage of this is that the
where t—r(t)

O — 9P+ R delay term can be reserved so that the S-procedure can be
1 ’ applied to both the state and delay terms. Singh also employed

$13=PA-D+ KT, the S-procedure in deriving the criterion in [5]. However,

B3 = DA+ ATD + Q — 2T the same parametel), was used in both the S-procedure
33 ' and the Lyapunov matrix; and the S-procedure was applied

K = diag{ky, ko, -, kn}. only to the state. In contrast, in Theorem 1, the Lyapunov
Proof: Construct the following Lyapunov-Krasovskiimatrix, D, is different from the parameter matrices, and
functional: S, used in the S-procedure. This treatment allows us to fully

n L exploit the potential of the S-procedure, and further reduces
J . . .
V(z(t) = 2T (H)Pz(t) + 2 d-/ bi(s)ds the conservatism. As for the nonlinear constraints, the cases
(1) = 2T (OP2() +2Ddj | 65(s) e conservatism. As for the nonlinear constraim’, the

t T T were considered in [5] and [10], respectively. However, the
+/f ) (2" (s)Rz(s) + ¢" (2(5))Qf (2(5))] ds, S-procedure in this note can handle more general nonlinear
(10) constraints (6). In fact, if we séf = D, S =0 andR = eI,
whereP = PT >0, R = RT >0,Q = QT > 0, D = Wheree is a sufficiently small positive scalar, then Theorem
diag(dy,dy, -, dy,) > 0 are to be determined. Calculating thel in this note yields Theorem 1 in [5]. So, the matridgs S

derivative of V' (z(t)) along the solution of system (4) yields and 12 provide extra freedom in parameter selection, which
can potentially yield less conservative results.

V(z(t))
=2:"(t)Pz +22d 0, (2 (1)%(t) IV. EXAMPLES
=1 The two examples in this section demonstrate the validity
+ [l - (1 — W)zt — 7(1))IIE] (1) ©f the new criterion.
[H (NG — @ = 7))zt — 7(8)|[3)] Exgmple 1:Consider the second-order DCNN (4) with the
2T (4)P3(t) _|_2¢T( (t)) D (t) following parameters
[I 2O — (1= wllz(t = 7(t))II%] o 1 05 05
+ [llo(z (t))\l2 (1= mwlle(=(t = 7(0))I13) ATl AT g
@ @ Whenp = 0, Theorem 1 in [5] can handle only the cadse=
where ke = 1. In contrast, using LMI (9) in Theorem 1, we found

|z ()1 = =T (1) Qux(t). (12) that the system is asymptotically stable for = k; = 1.55.



Moreover, Theorem 1 can also handle a time-varying delays]

Table | lists the upper bounds dn for k; = 1.2 and various
w whenr(t) is time-varying andk; is fixed.

TABLE |
UPPER BOUNDS ONk2 FORKk1] = 1.2 AND VARIOUS .

“w 0.1
ko | 7.15

0.2
2.49

0.3
1.19

0.4
0.58

0.5
0.21

(6]
(7]

(8]
[

Example 2: Consider the second-order DCNN (4) with thegio)

following parameters

0.5 0.5
A= -1 —0.5 > Ar =

Whenp = 0, Theorem 1 in [5] and
as Theorem 1in [3] and Theorem 1 in [4] € 0) all fail when

0.5 0.5
05 0

(11]

eorem 1in [10], as welf;

k1 = ko = 1. However, Theorem 1 in this note shows that thé3l
system is asymptotically stable in this case. Furthermore, it
also shows that the asymptotic stability is guaranteed, eves

whenk; =1 andky = 1.55.

V. CONCLUSION

. . . [16
This note presents a new Lyapunov-KrasovsKii functlongl

(18]

]

containing an integral term of state for DCNNs. The S-
procedure was employed to deal with nonlinearities, andl]
less conservative global asymptotic stability criterion was

derived. Numerical examples demonstrated the effectiven&&s

of this approach and that it is an improvement over previous

treatments.
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