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Abstract

This paper presents necessary and sufficient conditions for the existence of a Lyapunov
function in the Lur’e form that guarantees the absolute stability of a Lur’e control system
with multiple nonlinearities. It simplifies the existence problem to one of solving a set
of linear matrix inequalities (LMIs). If these inequalities are feasible, the free parameters
in the Lyapunov function, such as the positive definite matrix and the coefficients of the
integral terms, are given by the solution of the LMIs. Otherwise, there does not exist any
Lyapunov function in the Lur’e form. Necessary and sufficient conditions are also obtained

for the robust absolute stability of time-varying structured uncertain systems.

Keywords: Lur’e control systems, absolute stability, robustness, Lyapunov function, lin-

ear matrix inequality (LMI).

1 Introduction

The absolute stability of Lur’e control systems has been discussed by many researchers. Most
of their results were obtained by using the Popov frequency domain criteria (e.g., [4,8,11,13]),
the extended Popov frequency domain criteria (e.g., [12,14]), or the Lyapunov function in the
Lur’e form (e.g., [5,20]). It is difficult to deal with systems with multiple nonlinearities using

the Popov criteria since the criteria are not geometrically intuitive and cannot be examined by
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illustration; and the extended Popov frequency domain criteria in [12] are only sufficient condi-
tions for systems with multiple nonlinearities. For the method employing a Lyapunov function
in the Lur’e form, the necessary and sufficient conditions for the existence of a Lyapunov func-
tion that have been obtained so far are for Lur’e control systems with multiple nonlinearities
in a bounded sector [5,20]. However, they are only existence conditions, and are not solvable.
Furthermore, the criteria for examining absolute stability depend on the selection of free pa-
rameters, such as a positive definite matrix and the coefficients of integral terms. Since those
parameters cannot be obtained by analytical or numerical methods, the criteria are not very
practical. For example, the fact that the appropriate parameters cannot be found does not nec-
essarily mean that there does not exist a Lyapunov function in the Lur’e form that guarantees

the absolute stability of the system.

Sufficient conditions for the existence of a Lyapunov function in the Lur’e form that guar-
antees the absolute stability of Lur’e control systems have been found by using a linear matrix
inequality (LMI) and the S-procedure [1]. Moreover, the free parameters, such as the positive
definite matrix and the coefficients of the integral terms of the Lyapunov function, can be ob-
tained from the solution of the LMI. These conditions are also necessary if there is only a single
nonlinearity in the system. Unfortunately, they are only sufficient conditions if there is more

than one nonlinearity due to the losslessness of the S-procedure [9].

For the robust absolute stability of various uncertain Lur’e control systems, many sufficient
conditions have been derived based on the Popov frequency domain criteria and a method
employing a Lyapunov function in the Lur’e form [2,6,7,10,15-18]. Regarding the issue of
robust absolute stability, the same difficulty is encountered for uncertain systems with multiple
nonlinearities as for certain systems. And there are few results on the robust absolute stability

of Lur’e control systems with time-varying structured uncertainties.

This paper discusses the problem of the existence of a Lyapunov function in the Lur’e form
that guarantees the absolute stability of Lur’e control systems with multiple nonlinearities in
a bounded sector. The problem is converted to one of solving a set of LMIs, and necessary
and sufficient conditions for the existence problem are presented. It is shown that there exists
a Lyapunov function in the Lur’e form that guarantees absolute stability if those LMIs are
feasible. Moreover, the free parameters, such as the positive definite matrix and the coefficients
of the integral terms of the Lyapunov function, are given by the solution of the LMIs. And if
the LMIs are false, no such Lyapunov function exists. Furthermore, the results obtained are

extended to Lur’e control systems with time-varying structured uncertainties; and necessary and



sufficient conditions for their robust absolute stability are obtained by using the necessary and

sufficient conditions given in [19]. The LMIs can be solved using the Matlab LMI toolbox [3].

This paper is organized as follows: Section 2 provides preliminary information needed in
the rest of the paper. Section 3 presents necessary and sufficient conditions for the absolute
stability of Lur’e control systems. Section 4 discusses robust absolute stability criteria for
uncertain systems. Section 5 presents some numerical examples that illustrate the effectiveness

of the proposed method. And some conclusions are drawn in Section 6.

2 Preliminaries

Consider a Lur’e control system with multiple nonlinearities and uncertainties.

o ] #= A+ 24+ (B4 ABW)S0), "

o=CTqg,

where = € R™ is the state; f(0) = [f1(01) f2(02) - fm(om)]" € R™*1is a nonlinear function;
AeR"™" B=1[byby --- byp] € R"*™, C=lc1ca - ] € R and ¢; (j =1,2,---,m)

are linear-independent; and o = [0y 05 -+ o]’ € R™X1.
The nominal system of S is given by

&= Az + Bf(o),

o=C0Tz.
In (1) and (2), the nonlinearities f;(o;) satisfy
filog) € K;[0,k;] = {f;(0})| f;(0) =0, and 0<o;fi(0;) <kjo; for o;#0} (3)
for 0 < k; <+o0,j=1,2,---,m.
The uncertainties are assumed to be of the following form:
[AA(t) AB(t)] = DF(t) [Ea Ey], (4)

where D, E, and Ej are known real constant matrices with appropriate dimensions; and F(t)
is an unknown real, time-varying, appropriately dimensioned matrix with Lebesgue-measurable
elements satisfying

[F@I <1, Vt, (5)



where || - || is the Euclidean norm. For simplicity,
A=A+ AA(t) and B= B+ AB(t) (6)

are used in the rest of this paper.

Definition 1 Assume that the sector is bounded by
K:diag(kla k2a T km) (7)

The system S (or the nominal system Sp) is said to be robustly absolutely stable (or absolutely
stable) in the sector if S (or Sy) is globally robustly stable (or globally asymptotically stable) for
filoy) € K;[0,k;] (7 =1,2,---,m).

Construct the following Lyapunov function in the Lur’e form:
m o
V(z) = aTPr+23 / £5(0;)do, (8)
j=1 70
where P = PT > 0and A\; >0 (j = 1,2,---,m) need to be determined. If the function V(z)
in (8) satisfies
Vs <0 (orVs,<0), for x#0 andany f;(0;)€ K;[0,k], j=1,2,---,m, (9)

where Vs (or Vs, ) is the derivative of the Lyapunov function with respect to time for S (or Sp),
then S (or Sp) is robustly absolutely stable (or absolutely stable) in the sector bounded by (7).

This is stated in the following lemma.

Lemma 1 [5,20] For a nominal system Sy with m > 2, the necessary and sufficient conditions

for inequality (9) to hold are

(a) Vs, <0 forz #0, fi(01) = anoy (an €{0,k1}), and f;(0;) € K;[0,k;] (j = 2,3,---,m);

and

(b) Vgo <0 forxz #0, fi(o1) € K10, k1], and fj(o;) =0 (j =2,3,---,m).

Proof. See the appendix.

From the procedure for the proof of Lemma 1, it can be seen that the conclusion is also

true when A and B are time-varying. So, Lemma 1 holds for the uncertain system S as well.

The S-procedure [1,9] plays a very important role in this study. It is given in the following

lemma.



Lemma 2 [1,9] (S-procedure) Let T; € R™*™ (i = 0,1,---,p) be symmetric matrices. The

conditions on T; (i =0,1,---,p),
CTTo¢ >0 forall ¢ #0 such that (TT;¢ >0 (i=1,2,---,p), (10)

hold if there exist 7, > 0 (i =1,2,---,p) such that

P
Ty — ZTiTi > 0. (11)

=1

When p = 1, the existence of a (o such that (I Ti(o > 0 is also a necessary condition.

Boyd et al. [1] used the S-procedure to derive a sufficient condition (Note that it is also

necessary when p = 1.). The following lemma presents a different version of this condition.
Lemma 3 Inequality (9) holds for the nominal system Sy if there exist P = PT > 0, T =
diag(t1, ta, -, tm) = 0 and A = diag(A1, A2, -+, Am) > 0 such that the LMI

ATP 4+ PA PB+ ATCA+CKT
¢ = <0 (12)
BTP+ACTA+TKCT ACTB+ BTCA-2T

is feasible, where K is given by (7). This is also a necessary condition when m = 1.

To obtain necessary and sufficient conditions for a system with time-varying structured

uncertainties, the following lemma is needed to deal with the uncertainties.

Lemma 4 [19] For given matrices Q = QT , H, E and R = RT > 0 of appropriate dimensions,
Q+HFt)E+ETFT(t)HT <0
holds for all F(t) satisfying FT (t)F(t) < R, if and only if there exists some € > 0 such that

Q+cHHT + e 'ETRE < 0.

3 Absolute Stability

Lemma 3 gives a sufficient condition for the existence of a Lyapunov function in the Lur’e form
that guarantees the absolute stability of Lur’e control systems with multiple nonlinearities.
Since the S-procedure is directly employed in this lemma, it is generally conservative. This

section presents more practical necessary and sufficient conditions.



Let

Fle = diag(alu Qg, - - 7am)'

Then,

D™ = {Tium|os =0 for i >j, a; € {0, k;} fori<j, (i=1,2,---,m)}, j=1,2,---.m
(13)

contains 277! elements. First, we have the following theorem for a system without uncertainties.

Theorem 1 For the nominal system Sy with m > 1, the necessary and sufficient condition
for (9) is that Vs, < 0 holds for all j = 1,2,---,m and Ty, € Di~™ when x # 0, fi(o;) =
;05 (Z = 1727 cee,m, ) 7& .])7 and f](aj) € K][O7k]}

Proof. The inductive method is used to prove this theorem. From Lemma 1, the theorem
holds for m = 1. Suppose that it holds for m = p. Now, consider the system with p nonlinearities

pt1

I:A.’L‘-FZb]f](O'J) (14)

=2
Let DY = Ty (,ypla; = 0fori > ja; € {0k} fori < j, (i = 2,3,-,p+ 1)}
(j =2,3,---,p+ 1). The necessary and sufficient condition for (9) is that Vs, < 0 holds for
all j = 2,3, p+ 1 and Do) € DT when @ £ 0, fi(0:) = qioi (i = 2,3+, p+ 1,
i #3), and f;(0;) € K;[0, k;].

(9) holds if and only if conditions (a) and (b) in Lemma 1 hold for m = p+1. The necessary
and sufficient condition for condition (b) is that Vs, < 0 holds for any Tipsr) € D}N(p‘H) =
{dla‘g{0707 T 70}} when z 7é 0, fz(oz) = Q05 (Z =23, P+ 1)7 and fl(ol) € K1[07k1]-

The necessary and sufficient conditions for condition (a) can be divided into two cases:
(i) If oy = 0 and f1(01) =0, then Sy is given by Eq. (14). Let
D~ = {T1pn)lar =0, Taogpyry € DI} (G =2,3,- p+1).

The necessary and sufficient condition for (9) is that VSO < 0 holds for all j =2,3,---,p+1
and Ty (p41) € D} when o # 0, fi(o:) = cioy (i = 1,2,-++,p+ Li # j), and f(0;) €
Kj [07 kj}

(ii) If oy = k1 and f1(01) = k101, then Sy can be described by

p+1
$:A$+k1b101+2bjfj(0'j). (15)
j=2



Let

DY =Tyl on = k1, Tagpany € DY =23, pt1.

The necessary and sufficient condition for (9) is that ng < 0 holds for all j =2,3,---,p+1
and T'yo(pt1) € lA)jl-N(pH) when z # 0, fi(0;) = ajo; (1 =1,2,---,p+ 1,0 # j), and f;(0;) €
Kj [07 k]}

As a result,

L~(p+1) C 1.
pi~ety) Dy , j=1 (16)
i Sln(o1) | | Bl
Dj UDJ ’ .7_273a7p+1
So, conditions (a) and (b) in Lemma 1 are equivalent to the case where Vs, < 0 holds for all
j=1,2-,p+1and [i 1) € D)7 when « # 0, fi(o,) = asoq (i = 1,2,---,p + 1,
i #7j), and f;(o;) € K;[0,k;]. Thus, the theorem also holds for m = p + 1. 1

Theorem 1 gives the necessary and sufficient conditions for (9) by converting multiple
nonlinearities into a simple form with only a single nonlinearity. The following theorem presents
the conditions in the form of an LMI. For simplicity, I';~.,, is abbreviated as I' hereafter; and

we assume that

A(T') := A+ BICT and P(T') := P+ CATCT. (17)

Theorem 2 The necessary and sufficient conditions for the existence of the Lyapunov function
V(z) in (8) satisfying (9) that ensures that the system Sy is absolutely stable in the sector
bounded by (7) are that there exist P = PT >0, tr >0 and Aj > 0 such that the following LMI
is feasible for allT € D;™™ (j =1,2,---,m):

AT(T)PT) + P(T)A(T PI)b; + A\;AT(D)e; + trkc;
iy | ATOPEEPOAT)  PEAATT ke |
b]TP(F) + )\JCfA(F) + tr']{)jC]T QAjC?bj — 2tp

Proof. Consider the case where T' € D;™™, fi(0;) = a;o; and f;(0;) € K;[0,k;] (i,5 =
1,2,---,m,i # j). S is given by

S = Ax+ szfz(az) = Ar + ZbiOéiO',‘ + bjfj(O’j)
i=1 i—1
. 7 (19)
= Ax+ ZbiaiciTx + bjfj((fj) = A(F)Ji + bjfj(O’j),

i=1

i#]



and the Lyapunov function is

V(z)

ITPJZ—FQZ)\I/ OziO'idO'i‘FQ/\j/ fj(O’j)dO’j
0 0

i=1
i#]
m

= zTPr+ Z \i;o? + 2)\]‘/ filoj)do;
ol ’ (20)

m

= 2Pz + Z Neyale;el x4+ 2) / f(oj)do;
i=1 0

i#] )
I3

= .’ETP(F>$+2/\J‘/ fj(O'j)dO’j.
0
To calculate the derivative of V(x) for Eq. (19), the inequality

. AT(T)P(T) + P(T)A(T)  P(I)b; + \jAT(D)e; x
bom [ oy | A OPOFPOAD) PO 24T o e
bj P(F) =+ )\jcj A(F) 2)\jcj bj fj (Uj)
must be true for z # 0 under the condition (3). On the other hand, condition (3), f;(c;) €

K;[0,k;] (=1,2,---,m), is equivalent to

Fi(0)(fi(o5) = kje] ) < 0. (22)
This yields

{(@, fi(o)|z #0, fi(o;) € K;[0,k;]} = {(, fi(o;))|x # 0 or fi(a;) # 0, f;(05) € K;[0,k;l},
j=1,2,---,m.

(23)

Since there is only a single nonlinear term in Eq. (19), it is clear from Lemma 2 (S-

procedure) that the necessary and sufficient conditions for (21) are that there exists tr > 0

such that LMI (18) is feasible. 1

Remark 1 /5, 20] presented only existence conditions that are not solvable. The criteria for
absolute stability depend on the selection of free parameters, such as the positive definite matriz
and the coefficients of the integral terms. However, it is not easy to determine the parameters
by existing methods. In contrast, the free parameters in Theorem 2 can easily be obtained by

solving LMI (18). So, Theorem 2 is more practical.

Remark 2 Although the free parameters in the criteria in [1] can be derived from the solution
of an LMI, they are only sufficient conditions for the existence of a Lyapunov function in
the Lur’e form that guarantees the absolute stability of a Lur’e control system with multiple
nonlinearities. On the other hand, the conditions in Theorem 2 are necessary, even when there

s more than one nonlinearity.



4 Robustness for Absolute Stability

For a time-varying structured uncertain system, &, the following sufficient condition is derived

by directly employing the S-procedure. The uncertainties are dealt with by using Lemma 4.

Theorem 3 System S is robustly absolutely stable in a sector bounded by K = diag(ky, ko, -+, km)
if there exist P = PT > 0, A = diag(A1, A2, -, Am) >0, T = diag(ti,ta, -, tm) >0 ande >0
such that the following LMI is feasible:

ATP + PA+¢cETE, PB+ ATCAN+CKT +¢ETE, PD
BTP+ACTA+TKCT +eEFE, ACTB+BTCA-2T +¢EFE, ACTD | <0. (24)
DTP DTCA —el

Proof. If we replace A and B in (12) with A + DF(t)E, and B 4+ DF(t)Ep, respectively,

then (12) for S is equivalent to the following condition:

PD EL | .
D+ F(t) [ E, FE, } + F*(t)| bp™p DTCA | <O. (25)
ACTD Ey

By Lemma 4, a necessary and sufficient condition guaranteeing (12) for S is that there exists a

positive number € > 0 such that

ET

a

1 PD - .
®+¢ D*P DICA | +te¢

ACTD { E, E, } < 0. (26)

By
Applying the Schur complement shows that (26) is equivalent to (24). ]

The conditions in Theorem 3 for the robust absolute stability of system S with multiple
nonlinearities are conservative because they are only sufficient conditions. To reduce the con-

servatism, the following theorem is derived based on the necessary and sufficient conditions

obtained in the previous section.

Theorem 4 The necessary and sufficient conditions for the existence of the Lyapunov function
V(z) in (8) satisfying (9) that ensures that the system S is robustly absolutely stable in the sector
bounded by (7) is that, for all j =1,2,--- m and T € D}Nm, there exist P = PT >0, \; > 0,
tr > 0 and er > 0 such that the following LMI is feasible:
AT(T)PT) + POYA() + erEX(DEL(T) Wiz +erBI(D)Ey;  P()D
Ui, + er By Ea(T) 2\jcf by +er B Ey; —2tp Ajef D | <0,

DTP(F) )\jDTCj 751‘]
(27)

where E,(T) := (E, + E,LCT)T(E, + E,L'CT) and V15 = P(T)b; + A\;AT(T)c; + trk;c;.



Proof. Let l_)j be the j-th column of B. From Theorem 2, the conditions in (18) for system
S are equivalent to the condition that there exist P = PT > 0, A; > 0 and tr > 0, for all
ji=12--- mand T € D}Nm such that the following holds:
AT(T)P(T) + P(I)A(T) P(I‘)Ej + )\j/_lT(F)cj + takjc;

2,r) = i i <0 ()
b;P(F) + )\]C?A(F) + tpk‘jc? 2/\]'6}—‘[)]‘ — 2tr

Replacing A(T") and b; in (28) with A(T') + DF(t)E,(T) and b; + DF(t) Ey,;, respectively, allows

us to rewrite H;(I') as

_ P(T)D ETT) | .
H;() = H;(I)+ F(t) [ E,T) Ey |+ F(t) [ DTP(T) X;D%¢; } ;
AjC?D Eg;

(29)
where H;(T') is defined in (18). From Lemma 4 and the Schur complement, H;(I') < 0 if and
only if LMI (27) is feasible. 1
5 Examples

Example 1: Consider the nominal system Sy with

A= , B= , C= , (30)

and k1 = 1 and ko = 10.
Since m = 2,
DI~? = {diag(0,0)},
1 {diag(0,0)} (31)
D%Nz = {dlag(07 O)a diag(kla 0)}

Solving LMI (18) yields the following parameters for the Lyapunov function:

0.3863 0.0423
P = , A1 =0.0174, X = 0.7006.
0.0423 0.1247

So, Sy is absolutely stable.
If the sector of one nonlinearity is fixed by setting k; = 1, then the maximum sector bound

on the other nonlinearity that guarantees the absolutely stability of Sy is found to be ko = 17.48
by solving LMI (18). Specifically, solving LMI (18) yields

0.5973  —0.5932 4 4
P= x 10%, Ay = 0.8003, Ay = 1.1324 x 10°.

—0.5932  1.0959

10



On the other hand, LMI (12) in Lemma 3 no longer holds for k; = 1 and ky = 16. This
demonstrates the conservatism of Lemma 3, which deals with absolute stability by applying
the S-procedure directly to a system with multiple nonlinearities. In addition, the maximum

bound on k; can also be obtained by fixing ks in the same manner.
Now let’s consider an example of the uncertain system S.

Example 2: The system matrices A, B and C are the same as those in (30). The uncer-

tainties AA(t) and AB(t) are
|AA(#)| < 0.5 and [[AB(t)| < 0.05.

And k1 =1 and kg = 6.46.
These uncertainties can be represented in the form of (4) with

1 0 05 0 0.05 0
D= ) Ea = ) Eb =

0 1 0 05 0 0.05

Solving LMI (27) yields

0.5113  —0.4547
P = x 10%, A1 =4, Ao = 8.5467 x 10°.

—0.4547  1.2904

So, S is robustly absolutely stable. At the same time, LMI (24) in Theorem 3 is found to be
not feasible for k; = 1 and ko = 6.14. This also demonstrates that it is conservative to use the

S-procedure to deal directly with multiple nonlinearities in uncertain systems.

6 Conclusions

This paper presents the necessary and sufficient conditions for the existence of a Lyapunov
function in the Lur’e form that guarantees the absolute stability of Lur’e control systems with
multiple nonlinearities. The existence problem is converted to a simple one of solving a set
of LMIs. It was shown that, if the LMIs are feasible, the positive definite matrix and the
coefficients of the integral terms of the Lyapunov function are given by the solution of those
LMIs. And a Lyapunov function does not exist if the LMIs are not feasible. Furthermore,
it was shown that the maximum bounded sector can be found if a Lyapunov function in the
Lur’e form exists, which ensures the absolute stability of the system. Finally, less conservative
necessary and sufficient conditions were obtained for the robust absolute stability of uncertain

systems.
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Appendix A. Proof of Lemma 1

This appendix gives the proof of Lemma 1, which was originally shown in [20].

A simple calculation yields

T
o= ) (32)
z -U G x
where
§ = col(fi(ar), -+, fm(om)),
W= %(ACTB + BTCA),
G =—(ATP + PA),
U=(ui, ua, -+, Um), u; = Pb; + %AjAch, j=1,2,---,m.

Without loss of generality, in the proof of Lemma 1 we can assume o; = z; . In fact, since
¢; (j =1,2,---,m) are linear-independent, the system Sy can be transformed into the above

form by means of a nonsingular linear transformation.

Letting & = col(og, ++,0m), T = col(Tmt1, -+, Zn), and & = col(o1,5,Z) allows us to

represent W, U, and G as

. urr  Uja g11 Ggl Ggl
wir Wa T
W = s U= U21 U22 ) G = G21 G22 G32 ’
War Waa
U1 Usg G31 G32 G33

where wi1,u11 and gi1 are scalars, Way,Usy € R=DX1 Uy € RV Woy Usy, Goo €

R(m—l)x(m—l)’ U31,G31 c R(n—m)xl’ U31,G32 c R(n—rn)x(m—l)7 and Gs3 € R(n—m)x(n—m).

We further denote

K = diag(pa,- -, pm),

I(p s pim) =
—w1ypf — 2ui1pn + g1 — (UL + WLK) + GE, —Upn K — UL + GT,
1 (Uss + KWa) + Got — RUL G — KWasK — KUL — UK GI, — KUL
—1Us1 + G Gzy — U K Gss

Preparatory to proving Lemma 1, we give the following lemmas.
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Lemma 5 A necessary and sufficient condition for function V(x) of (8) to satisfy condition

(9) is that

detI(p1,- -+, tm) >0, for any p; € [0,k;] (j=1,---,m). (33)

Proof. Necessity: For any p1; € [0,k;] (j =1,---,m), if we set f;(0;) = pjo; € K;[0,k;j],
then it follows that VSU < 0, that is,

T
1101 —wyy Wi —unn U3, —Uj H101
K& Wy —Woy — 1Tz - éT2 - g; K&
Vs, = o1 —ui1 —Ui2 g1 G3  G§ o1
o —Us1  —Ux Ga G GI o
z —Us;r —Usx Gz Gz Gss T

= a"I(p1, )z >0, ]z #0.
Hence,
I(pa, s pm) > 0.
Consequently,

detI(py,- -, ptm) > 0.
Sufficiency: Assume that

detI(p1, -, m) > 0 for any p; € [0,k;] (j =1,---,m).

Since I(0,---,0) =G > 0,

I(p1,0,---,0) =1(0,0,---,0) >0
holdst. detI(u1,0,---,0) > 0 gives

I(u1,0,--+,0) > 0 for any p; € [0, k1]
From
I(,ulhu%o)'"aO) =I(,u1,0,0,~--,0) >0

and

det[(:uhMana o aO) > 07

i
T < ) denotes a matrix obtained by deleting the i-th row and the j-th column of the matrix 7T'.
J
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we obtain I(u1, t2,0,---,0) > 0 for any p; € [0,k;] (j = 1,2). Analogously, it follows that

I(pa, pa, -+ ) > 0, for any p; € [0,k;] (j =1,2,---,m). (34)

Letting
fila)/oj, o5 #0,
O, 05 = 0,

pj(oj) =
for any f;(o;) € K;[0,k;] ( =1,2,---,m), we have
fi(o3) = pj(o;)o;, and pi(o;) € [0, k;] (7 =1,2,---,m).

Therefore,

_VSO = xTI(,ul(Ul)v e Hum(o-m))$ > Oa vHxH 7é 0.
That is, Vso < 0. This completes the proof of Lemma 5. 1

We obtain Lemma 6 in a similar way.

Lemma 6 If conditions (a) and (b) in Lemma 1 hold, then

(a) I(aq, pa,-- -, fm) >0 (1 = 0,k1) for any pj € [0,k;] (j=2,---,m),

() I(p1,0,---,0) >0 for any p1 € [0,k1].

Lemma 7 Let S be an r X r nonsingular symmetric matriz; let 8 and § be r-dimensional

vectors; and let p,a,b and ¢ be real numbers. If we denote

ap® +2bp+c  pét 4+ 87 ¢ [b 5T]
Q(:u‘) = , R= b s
ud + S 5 Q(0)

then we have

2 1 1
detQ(p) = p*detR + 2udetR + detR ,
2

1 2 1
A detR — |detR detR = —(detR)(detS)
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Proof.

detQ(p) = (detS)[ap® + 2bp +c — (" + 67)S™(ud + B)]
= p%(detS)(a — 6TS716) + 2u(detS) (b — 6TS718) + (detS)(c — BT S713)

2 1
= p?detR ( ) + 2udetR ( ) + detR ( )
2 2

A = (detS)2[(b—6TSTIB)2 — (a — 675 16)(c — BTS1 )]
a—6TS715 b—6TS1p
b—0TS1p c—prs—1p

—(detS) [(detS) det ( )] = —(detR)(detS5).

Lemma 8 If conditions (a) and (b) in Lemma 1 hold, then

detR(K) <0 for any uj € [0,k;] (j =2,---,m),

where
—w1y [—unn  —UH —WHK - U]
_ —u
R(K) = v
—Uy — KWo 1(07M27"'7Mm)
—Us

Proof. If Ay = 0, then wy; = Alc?bl = 0. From I(0,u2, -, um) > 0, we obtain
detR(K) <0

If Ay > 0, it is easy to show that detR(K) < 0. In addition, if detR(K) > 0, then
R(K) > 0.

Now we construct a linear system of constant coefficients with n + 1 variables as follows:

dx "
E = Ax + Zﬂjbjl'j + blgl;
S : « = (35)
1
E :C,{ <A.’L’+;,U,]bj.%'] +b1§1) s

and set
m

1
Vi(&, )fx Pz + — Z,u])\]z + Alff.
j =2

ilg, = ( &) R(K) ( o ) S0, ¥ flafl + 6] #0,
X X
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which contradicts the nonasymptotic stability of the zero solution of system (35). This com-

pletes the proof. ]
Now, we are ready prove Lemma 1.
Proof of Lemma 1:
Necessity: The necessity is clear and thus omitted.

Sufficiency: First, we show that (33) holds. If it does not, there exists p;o € [0,k;] (j =
1,2,---,m) such that detl(u10,- -, ftmo) < 0. Then, from Lemma 6, it follows that detI(0, 29, - -, ftmo) >
0. And so there exists fi; € [0, k1] such that

det](fi1, p20, "+, fmo) = 0. (36)

Let Ko = diag(uz20,- - -, fmo), and denote

a(e) = detR(sKy) z , b(e) = detR(¢Kp) ; , c(e) = detR(¢Kp) 1

Then, a(e),b(e) and c(e) are polynomials in e. From Lemmas 7 and 8, we have
detI(fir, 120, -, imo) = a(e)p; + 2b() 1 + ¢(e)
and
A(e) = b*(e) — a(e)e(e) = —[det R(eKy)][detI(0, epap, - - - » Eftmo)] = 0, Ve € [0, 1].
Since a(1) # 0 (If not, from (36) it follows that
detI(0,ep20, "+, Emo) > 0 or detl(uy,em0, - Ebmo) > 0,

which contradicts Lemma 6, then from (36), we have

o @)+ o) —al)e®) o —b(1) — /b2(1) —a(l)e(1)
= a(1) = a(1) '
Without loss of generality, we suppose that the above holds. Let
Pe) = —b(e) + /b%(e) — a(e)c(s)' (37)

ale)
Then, P(1) = f1, and

detI(P(e), g0, - - - eptmo) = a(e)P?(e) + 2b()P(e) + c(e) = 0.
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From Lemma 6 ,

P(e) # 0 and P(e) # kq, for e € [0,1].

Since a(e) is a non-zero polynomial in €, it has finite zero points only in [0, 1]. So, we can

assume that its zero points are

0<e1 <eg < - <eg1 <eg <1

Lemma 8 says that P(e) is continuous on (g5,1]. And since P(e) # 0, P(g) # ki, and

0 < P(1) = i1 < k1, we have
0< Pe) <ky, €€ (es1].

Therefore, 1irn+0P(6) =P, and 0 < Py < k.

From (37), it follows that lim P(e) = Ps.

e—eg
Define P(es) = P;. Then, P(e) is continuous on € € (g5-1,€;]. In the same way, we can
prove that
lim P(E) =P, 1and 0 < Ps_1 < k.

E—E€s5—1

Analogously, it follows that

P(0) € [0, k4] for a(0) # 0 or Elirgl+ P(e) = Py € [0, k4] for a(0) = 0.

Assume that
P(0), a(0) #0,

Py, a(0) =0,

H1 =

Then, py € [0,k1] and detI(uq,0,---,0), which contradicts Lemma 6. This completes the

proof. ]
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